In this paper we analyze fully-mixed finite element methods for the coupling of fluid flow with porous media flow in 2D. Flows are governed by the Stokes and Darcy equations, respectively, and the corresponding transmission conditions are given by mass conservation, balance of normal forces, and the Beavers-Joseph-Saffman law. The fully-mixed concept employed here refers to the fact that we consider dual-mixed formulations in both media, which means that the main unknowns are given by the pseudostress and the velocity in the fluid, together with the velocity and the pressure in the porous medium. In addition, the transmission conditions become essential, which leads to the introduction of the traces of the porous media pressure and the fluid velocity as the associated Lagrange multipliers. We apply the Fredholm and Babuška-Brezzi theories to derive sufficient conditions for the unique solvability of the resulting continuous and discrete formulations. In particular, we show that the existence of uniformly bounded discrete liftings of the normal traces simplifies the derivation of the corresponding stability estimates. A feasible choice of subspaces is given by Raviart-Thomas elements of lowest order and piecewise constants for the velocities and pressures, respectively, in both domains, together with continuous piecewise linear elements for the Lagrange multipliers. Finally, several numerical results illustrating the good performance of the method with these discrete spaces, and confirming the theoretical rate of convergence, are provided.
Introduction
The derivation of suitable numerical methods for the coupling of fluid flow (modelled by the Stokes equations) with porous media flow (modelled by the Darcy equation) has become a very active research area during the last decade (see, e.g. [2] , [9] , [10] , [11] , [13] , [14] , [18] , [20] , [21] , [27] , [28] , [29] , [33] , [34] , [35] , [37] , and the references therein). This fact has been motivated by the diverse applications of this coupled model (in petroleum engineering, hydrology, and environmental sciences, to name a few), and also by the increasing need of simpler, more accurate, and more efficient procedures to solve it. Moreover, the latest results available in normal vectors of the interior edges. In connection with these references we remark that different finite element subspaces in each flow region may lead to different approximation properties for each subproblem. For instance, one could obtain a more accurate velocity field in the Stokes domain than in the Darcy region. On the contrary, employing the same spaces guarantees the same accurateness along the entire domain and leads to simpler and more efficient computational codes.
The purpose of the present work is to contribute in the development of new numerical methods for the 2D Stokes-Darcy coupled problem, allowing on one hand the introduction of further unknowns of physical interest, and on the other hand, the utilization of the same family of finite element subspaces in both media, without requiring any stabilization term. To reach this aim we consider dual-mixed formulations in both domains, which yields the pseudostress and the velocity in the fluid, together with the velocity and the pressure in the porous medium, as the main unknowns. The pressure and the gradient of the velocity in the fluid can then be computed as a very simple postprocess of the above unknowns, in which no numerical differentiation is applied, and hence no further sources of error arise. In addition, since the transmission conditions become essential, we impose them weakly and introduce the traces of the porous media pressure and the fluid velocity, which are also variables of importance from a physical point of view, as the corresponding Lagrange multipliers. Then, we apply the well-known Fredholm and Babuška-Brezzi theories to prove the unique solvability of a suitably chosen continuous formulation and derive sufficient conditions on the finite element subspaces ensuring that the associated Galerkin scheme becomes well posed. In particular, among the several different ways in which the equations and unknowns can be ordered, we choose the one yielding a doubly mixed structure for which the inf-sup conditions of the off-diagonal bilinear forms follow straightforwardly. In this way, the arguments of the continuous analysis can be easily adapted to the discrete case.
The rest of this paper is organized as follows. In Section 2 we introduce the main aspects of the continuous problem, which includes the coupled model, its weak formulation, and the corresponding variational system. The Fredholm theorems and the classical Babuška-Brezzi theory are applied in Section 3 to analyze the continuous problem. Then, in Section 4 we define the Galerkin scheme and derive general hypotheses on the finite element subspaces ensuring that the discrete scheme becomes well posed. In addition, we show that the assumption of existence of uniformly bounded discrete liftings of the normal traces on the interface simplifies the statement of one of the hypotheses. Next, in Section 5 we describe a specific choice of finite element subspaces, namely Raviart-Thomas of lowest order and piecewise constants on both domains, and piecewise linears on the interface, and show that they satisfy all the required assumptions. In particular, we prove that a quasiuniformity condition in a neighborhood of the interface implies the existence of the above-mentioned discrete liftings. Finally, several numerical examples employing these spaces, illustrating the good performance of the method, and confirming the theoretical order of convergence, are reported in Section 6.
We end this section by summarizing in advance, and according to the already mentioned purpose of the paper, the main advantages of the present fully-mixed approach: it provides either direct finite element approximations or very simple postprocess formulae for several additional quantities of physical interest; it yields, under a special ordering of the resulting equations and unknowns, a unified and straightforward analysis of the continuous and discrete formulations; it leads to independent but analogously structured stability assumptions on the finite element subspaces for the Stokes and Darcy regions; and it allows the utilization of the same kind of finite elements in both media, with the consequent simplification of the respective code.
2. The continuous problem 2.1. Statement of the model problem. The Stokes-Darcy coupled problem consists of an incompressible viscous fluid occupying a region Ω S , which flows back and forth across the common interface into a porous medium living in another region Ω D and saturated with the same fluid. Physically, we consider a simplified 2D model where Ω D is surrounded by a bounded region Ω S (see Figure 1 below). Their common interface is supposed to be a Lipschitz curve Σ and we assume that ∂Ω D = Σ. The remaining part of the boundary of Ω S is also assumed to be a Lipschitz curve Γ S . For practical purposes, we can assume that both Γ S and Σ are polygons, although this fact will not be used in the general considerations about the formulation of the problem. The unit normal vector field on the boundaries n is chosen pointing outwards from Ω S (and therefore inwards to Ω D when seen on Σ). On Σ we also consider a unit tangent vector field t in any fixed orientation of this closed curve. The mathematical model is defined by two separate groups of equations and a set of coupling terms. In Ω S , the governing equations are those of the Stokes problem, which are written in the following nonstandard velocity-pressure-pseudostress formulation: (2.1)
where ν > 0 is the viscosity of the fluid, u S is the fluid velocity, p S is the pressure, σ S is the pseudostress tensor, I is the 2×2 identity matrix, and f S are known source terms. Here, div is the usual divergence operator acting on vector fields,
i.e., the divergence operator applied to a matrix-valued function (a tensor) is taken row-wise. On the other hand, the flow equations in Ω D are those of the linearized Darcy model:
where the unknowns are the pressure p D and the flow u D . The matrix-valued function K, describing permeability of Ω D divided by the viscosity ν, satisfies
components and is uniformly elliptic. Finally, f D are source terms. We will see that a necessary and sufficient condition for well posedness of the model equations is
Finally, the transmission conditions on Σ are given by
where κ := (ν K t) · t α is the friction coefficient, and α is a positive parameter to be determined experimentally. The first equation in (2.4) corresponds to mass conservation on Σ, whereas the second one can be decomposed into its normal and tangential components as follows:
which constitute the balance of normal forces and the Beavers-Joseph-Saffman law, respectively. The latter establishes that the slip velocity along Σ is proportional to the shear stress along Σ (assuming also, based on experimental evidences, that u D · t is negligible). We refer to [6] , [26] , and [36] for further details on this interface condition. Throughout the rest of the paper we assume, without loss of generality, that κ is a positive constant.
The description of our model problem is completed by observing that the equations in the Stokes domain (cf. (2.1)) can be rewritten equivalently as (2.5)
where tr stands for the usual trace of tensors, that is, tr τ := τ 11 + τ 22 , and
(tr τ ) I is the deviatoric part of the tensor τ . The third equation in (2.5) allows us to eliminate p S from the system and compute it as a simple postprocess of the solution. Similarly, the first equation in (2.5) yields a straightforward postprocess formula for the gradient of the velocity in the fluid. Note that a constant c added to both p S and p D is not perceived by the system; its only effect is a correction in σ S that has to be subtracted c times the identity matrix.
We end this section by remarking that, though the geometry described by Figure  1 was chosen to simplify the presentation, the case of a fluid flowing only across a part of the boundary of the porous medium does not really yield further complications for the analysis in the present paper. For instance, if we consider a fluid over the porous medium, ∂Ω S stays given by Γ S ∪ Σ, but now with both curves meeting at their end points, whereas a new piece of ∂Ω D , say Γ, such that ∂Ω D = Σ ∪ Γ, needs to be identified. In this case, besides the equations given in the present section (which hold now with the notations introduced here), a boundary condition on Γ needs to be added. Following [18] and [28] (see also [16] ), one usually considers the homogeneous Neumann condition:
which constitutes a no flow assumption through Γ. We refer to [18] for further details and emphasize that only minor modifications will need to be incorporated into the forthcoming analysis. In particular, this is certainly valid for the discrete analysis, which is illustrated by two numerical examples reported below in Section 6. Alternatively, instead of (2.6) one can consider the homogeneous Dirichlet condition:
which, as will be explained at the end of Section 3 below, becomes a unique solvability condition for the resulting variational formulation.
2.2. The weak formulation. Let us first introduce some general functional spaces. If O is a domain, Γ is a closed Lipschitz curve, and r ∈ R, we define
In the particular case r = 0 we usually write 
is standard in the realm of mixed problems (see [8] or [23] for instance). 
Note also that H(div; O) can be characterized as the space of matrix-valued functions τ such that c t τ ∈ H(div; O) for any constant column vector c. In addition, it is easy to see that there holds:
and P 0 (O) is the space of constant polynomials on O. More precisely, each τ ∈ H(div; O) can be decomposed uniquely as:
This decomposition will be utilized below to analyze the weak formulation of our problem.
On the other hand, for simplicity of notation we will also denote, with ∈ {S, D} 
The symbols for the L 2 (Σ) and L 2 (Σ) inner products
will also be employed for their extensions as the duality products
, respectively. The unknowns in the weak (mixed) formulation will be the two unknowns in (2.2) and the unknowns of (2.5) without the pressure p S . The corresponding spaces will be:
In addition, we will need to define two unknowns on the coupling boundary (2.12)
Note that in principle the spaces for u S and p D do not allow enough regularity for the traces above to exist. However, solutions of (2.2) and (2.5) have these unknowns in H 1 (Ω S ) and H 1 (Ω D ), respectively. In order to obtain the weak formulation of (2.2)-(2.4)-(2.5), we apply the divergence theorem to the first equation in both (2.2) and (2.5) , that is to those equations relating σ S and u D to other magnitudes. Then, due to the mixed nature of the model, the Dirichlet condition in (2.5) and the traces of p D and u S on Σ become natural and hence they are incorporated directly in the weak formulation. On the contrary, both transmission conditions in (2.4) become essential, whence they have to be imposed independently, thus yielding the introduction of the auxiliary unknowns (2.12) as the corresponding Lagrange multipliers. According to the above, the weak equations can be written as follows: we look for the unknowns
satisfying two variational equations 
, and two restrictions on the boundary
The apparently wrong sign in the term where λ appears in the second equation of (2.17) is due to the fact that the normal on Σ points inwards from the point of view of Ω D . Different orderings of the equations and unknowns will emphasize different structural properties of the system. We will show three possibilities shortly. 
In addition, for convenience of the subsequent analysis we consider the decomposition (2.8)-(2.9) with O = Ω S , and from now on redefine the fluid pseudostress as (2.21) σ S + μ I with the new unknowns σ S ∈ H 0 (div; Ω S ) and μ ∈ R .
In this way, the variational formulation of the second transmission condition in (2.17) becomes
and the equation (2.14) is rewritten, equivalently, as
As a consequence of the above, we find that the resulting variational formulation reduces to a system of seven equations ((2.15), (2.18)-(2.20), (2.22)-(2.24)) and seven unknowns, which can be written in terms of the following nine bilinear forms:
On the left of each column of (2.25) we have added a key letter for the nine different bilinear forms (or related operators). It is easy to see that all of these bilinear forms are bounded. Also, those with both arguments in the same space
are symmetric and positive semidefinite. In addition, the bilinear forms
. Now, it is quite clear that there are many different ways of ordering the variational system. In order to illustrate this fact and identify a suitable form, in Table  1 below we show three options, emphasizing different structural properties of them. On the left of each row we indicate the corresponding equation. Besides the row and the column involving the unknown μ, we observe in ( (1)) that the remaining equations show two blocks on the diagonal: the Stokes block in mixed form with a penalization term and the Darcy block in mixed form. The coupling is limited to E and E t . Changing the sign of the fourth equation we obtain a symmetric system, whereas changing the sign of the second and third equations we see the sign of the underlying quadratic form: off-diagonal terms compose a skew-symmetric matrix and diagonal terms are positive semidefinite. Similarly, beside again the row and the column involving μ, we observe in ((2)) that the variables are grouped by character and a different mixed structure, with a nonsymmetric and negative semidefinite penalization term, is recovered. Nevertheless, a good feature of this system is the fact that D and E are compact, so taking away the penalization term, the remaining system consists of a purely mixed problem, which can be decoupled in two mixed problems. On the other hand, ( (3)) shows a particular overlapping of the Stokes and Darcy blocks, which, at first, seems to mix everything in an inconvenient way. However, a closer look to this ordering allows us to identify a doubly-mixed structure in which the interior mixed formulation contains the same penalization term observed in ( (2)). Moreover, all the block bilinear forms, except the one defining the penalization term, show a diagonal structure, which constitutes an advantageous feature when proving the corresponding inf-sup conditions.
Throughout the rest of the paper we adopt the structure ( (3)) for our analysis. This means that we group unknowns and spaces as follows:
In this way, the variational system of our problem reads: Table 1 . Three different forms of structuring the variational system.
and A and B are the bounded bilinear forms defined by (2.29) 
It is quite evident from (2.29) that A has a mixed structure with penalization term given by − c, which confirms the doubly-mixed character of (2.27). Note also that c is nonsymmetric and positive semidefinite (this fact will be emphasized and utilized in Section 3). In addition, we remark again that the diagonal character of the bilinear forms a, b, and B will yield simpler and more straightforward proofs of the corresponding inf-sup conditions.
Analysis of the continuous problem
The approach that we will follow for the analysis of the continuous problem (2.27) is the one of Fredholm theorems and Babuška-Brezzi theory for mixed problems.
3.1. Preliminaries. We group here some merely technical results and further notations that will serve for the forthcoming analysis. For elementary results on Hilbert space theory, we refer to [17] for example. The first of them is an abstract result on Hilbert spaces that can be read as follows: a symmetric positive definite bilinear form in a Hilbert space that can be made elliptic by the addition of a compact bilinear form, is necessarily elliptic. Lemma 3.1. Let X be a Hilbert space, and let a : X × X → R and k : X × X → R be bounded bilinear forms. Assume that a is symmetric and positive definite, k is compact, and there exists α > 0 such that
Then there exists β > 0 such that
Proof. Let A : X → X and K : X → X be the linear and bounded operators induced by a and k, respectively, that is,
The hypotheses on a and k imply that A is selfadjoint and injective, K is compact, and A + K is invertible, whence A is Fredholm of index zero. It follows that A is an invertible selfadjoint positive definite operator, and hence, by elementary spectral properties of bounded selfadjoint operators, A is necessarily elliptic. 
Lemma 3.2. There exists c > 0 such that
Since k is clearly compact, a direct application of Lemma 3.1 ends the proof.
Lemma 3.3.
There exists c 1 > 0 such that
Proof. See 
Then the matrix operator
Proof. It suffices to observe that, being A invertible thanks to i), T is bijective if and only if S := B A −1 B * + C : Y → Y is bijective, which follows from the fact that S becomes elliptic. We omit further details and refer to [19, Lemma 2.1] for a nonlinear version of this result.
We end this section with some notation concerning our product spaces. In fact, we now let
, and define
Note that · X and · M are equivalent to the product norms that make X and M (and hence X 0 and M 0 ) Hilbert spaces. We will use them for all forthcoming estimates.
The main results.
We begin by showing that (2.27) has a one-dimensional kernel. More precisely, we have the following result. 
, and then adding them, we find that
Note that this is equivalent to changing the sign of either the second and third rows in ( (1)) or all the rows but the first two in ( (2)) or all the rows but the first two and the last one in ( (3)) (see Table 1 ), and then adding all of them. It is clear from the above equation that .5)) and − u S ·t = 0, which implies that u S = 0 in Ω S . Hence, again by Theorem 2.1 we have that ϕ = 0 and div σ S = 0, which, together with the fact that σ S ∈ H 0 (div; Ω S ) and σ
we deduce the existence of c ∈ R such that p D = c in Ω D , whence λ = c on Σ. According to the above, the equation (2.22) reduces now to μ n + c n = 0 on Σ, which gives μ = − c.
Our next goal is to demonstrate that a simple restriction on the pressure in the Darcy domain solves the indetermination generated by the nonnull kernel of (2.27). To this end, we now let
and consider the reduced problem:
Throughout the rest of the section we follow the analysis suggested by the Babuška-Brezzi theory to conclude finally that (3.2) is well posed. This requires the inf-sup condition for B and the invertibility of the operator induced by A in the kernel of B. We begin with the first.
Lemma 3.6. There exists β > 0 such that
Proof. We first observe that the diagonal character of B (cf. (2.30)) guarantees that (3.3) is equivalent to the following three independent inf-sup conditions: with β S , β D , β Σ > 0. For instance, the above statement follows from a direct application of the characterization result for the inf-sup condition on product spaces provided in [22, Theorem 5] . Now, given v S ∈ L 2 (Ω S ) we define τ as the H 0 (div; Ω S )-component of ∇z ∈ H(div; Ω S ), where z ∈ H 1 (Ω S ) is the unique solution of the boundary value problem:
This proves the surjectivity of the operator div :
, which is (3.4). Similarly, it is easy to see that div :
is also surjective, which yields (3.5).
On the other hand, the inf-sup condition (3.6) is equivalent to the surjectivity of the operator ψ → ψ · n, 1 Σ from H 1/2 (Σ) to R, which in turn is equivalent to showing the existence of ψ 0 ∈ H 1/2 (Σ) such that ψ 0 · n, 1 Σ = 0. In fact, we pick one corner point of Σ and define a function v that is continuous, linear on each side of Σ, equal to one in the chosen vertex, and zero on all other ones. If n 1 and n 2 are the normal vectors on the two sides of Σ that meet at the corner point, then ψ 0 := v (n 1 + n 2 ) satisfies the required property.
We now let V be the kernel of B, that is,
It is easy to see from the definition of B (cf. (2.30)) that
Then, in what follows we apply Lemma 3.4 to prove that the operator induced by A (cf. (2.29)) is invertible in V. This means showing that a is elliptic on V 1 , b satisfies the inf-sup condition on V 1 × V 2 , and c is positive semidefinite on V 2 . As remarked in Section 2, the condition on c is pretty straightforward since
The remaining conditions for a and b are established in the following lemmas. 
Proof. Analogously to the proof of Lemma 3.6, and thanks to the diagonal character of b, we find that (3.8) is equivalent to the following two independent inequalities:
is the unique solution of the boundary value problem:
In other words, τ := ∇ z − c I, where c :
which implies that τ ∈H 0 (div; Ω S ) and τ n = χ − c n on Σ. It follows that τ n, ψ Σ = χ, ψ Σ for each ψ ∈H 1/2 (Σ), which proves the surjectivity of the operator τ → τ n fromH 0 (div; Ω S ) to H 1/2 (Σ) , that is, (3.9) . Similarly, given
It follows that v ∈H(div; Ω D ) and v·n = χ on Σ, which proves the surjectivity of the operator
, that is, (3.10).
As a consequence of the previous analysis we conclude that A is invertible in the kernel of B. This result and the inf-sup condition for B (cf. Lemma 3.6) allow us to establish the following theorem. 
In particular, if (F, G) is given by (2.28) and there holds
then the solution of (3.2) is also a solution of the original variational formulation (2.27).
Proof. The well posedness of (3.2) follows from a straightforward application of the classical Babuška-Brezzi theory for mixed problems (see, e.g. [23, Theorem I.4.1] or [8, Chapter II] ). Now, let (σ, u) ∈ X 0 × M 0 be the solution of (3.2) with (F, G) given by (2.28) . Since the first equations of (2.27) and (3.2) coincide, it only remains to show that σ verifies the second equation of (2.27) to conclude that (σ, u) also solves that problem. In fact, taking τ = (0, 0, 0, ξ) in the first equation of (3.2) we deduce that u D · n + ϕ · n = 0 on Σ, and hence, according to the definition of B (cf. (2.30) ) and the second equation of (3.2), we obtain that
× R, we use the above identity and again the second equation of (3.2), to find that
which, thanks to the assumption (2.3), becomes
Note from the last identity in the previous proof that if we solve (3.2) with (F, G) given by (2.28) but (2.3) is not satisfied, then we are finding a solution of (2.27) for a slightly modified right-hand side, with f S unchanged but with
Moreover, we can actually prove the following result characterizing the solvability of (2.27). Proof. It suffices to observe that the operator induced by the left-hand side of (2.27), say L, is Fredholm of index zero. In fact, using that . In this way, it is easy to realize that (2.27) is equivalent to a compact perturbation of a problem equivalent to (3.2) . Since the latter is well posed, this proves the announced property of L. Now, the kernel of the adjoint operator L * is the same as L because this operator is symmetric up to some sign changes of its rows (see Table 1 ). Therefore, by the Fredholm alternative, the system (2.27) is solvable if and only if the right-hand side vanishes when applied to an element of the kernel of the adjoint. With the right-hand side (2.28) and the kernel given in Lemma 3.5 this is just condition (2.3).
At this point we remark that the above analysis also applies when the fluid lies over the porous medium and the additional Neumann boundary condition (2.6) is incorporated into the model (as described at the end of Section 2.1). In particular, it is easy to see that (2.3) and its equivalence with the solvability of the original formulation (2.27) remain unchanged in this case. On the other hand, if we assume (2.7) instead of (2.6), the condition (2.3) does not hold any longer and the solvability analysis of (2.27) becomes simpler. Indeed, following the same arguments of the proof of Lemma 3.5, we find now, thanks to the fact that ∇p D = 0 in Ω D and p D = 0 on Γ, that p D = 0 in Ω D , which leads to a trivial kernel for (2.27). In other words, there is no need of incorporating any further restriction on the pressure p D and the subsequent reduced problem (3.2) since the homogeneous Dirichlet boundary condition (2.7) already insures the uniqueness of solution. Consequently, up to minor modifications, the solvability analysis of (2.27) becomes very similar to the corresponding analysis of the present formulation (3.2).
The Galerkin scheme
In this section we introduce and analyze the Galerkin scheme of the reduced problem (3.2).
Preliminaries.
Here we define the discrete system and establish suitable assumptions on the finite element subspaces ensuring later on that it becomes well posed. For this purpose, we first select two collections of discrete spaces:
However, the spaces for the Stokes domain will have to be doubled. In particular, in the case of the matrix-valued unknown σ S we will consider the space of matrixvalued functions whose rows belong to H h (Ω S ). According to this we now define
In addition, in order to deal with the mean value condition of the Darcy pressure we define
. In this way, we define the global finite element subspaces as:
and consider the following Galerkin scheme for (3.2):
Note that the different structures shown in Table 1 are inherited by the linear system associated to (4.7) once we have chosen bases for all the discrete spaces.
In what follows we derive general hypotheses on the spaces (4.1) that will allow us to show in Section 4.2 below that (4.7) is well posed. Our approach consists of adapting to the present discrete case the arguments employed in the analysis of the continuous problem, mainly those from the proofs of Lemmas 3.6, 3.7, and 3.8. We begin by observing that in order to have meaningful spaces H h,0 (Ω S ) and L h,0 (Ω D ) (cf. (4.4) and (4.5)), we need to be able to eliminate multiples of the identity matrix from H h (Ω S ) and constants polynomials from L h (Ω D ). This request is certainly satisfied if we assume that: We remark that the above hypothesis is only related to the ability of the spaces to deal with problems inherent to the kernel of (2.27). In particular, it follows that I ∈ H h (Ω S ) for all h, and hence there holds the decomposition:
Next, following the same diagonal argument utilized in the proof of Lemma 3.6, we deduce that B satisfies the discrete inf-sup condition uniformly on X h,0 × M h,0 if and only if there exist β S , β D , β Σ > 0, independent of h, such that
, the supremum in (4.9) remains the same if taken on H h (Ω S ) instead of H h,0 (Ω S ), and hence this inequality turns out to be equivalent to the following inf-sup condition:
Notice also that a sufficient condition for (4.11) is the existence of ψ 0 ∈ H 1/2 (Σ) such that ψ 0 ∈ Λ S h (Σ) ∀ h and ψ 0 ·n, 1 Σ = 0. Consequently, we now introduce the following hypothesis summarizing the above analysis: (H.1) There exist β S , β D > 0, independent of h, and there exists ψ 0 ∈ H 1/2 (Σ), such that
On the other hand, we now look at the discrete kernel of B, which is defined by
In order to have a more explicit definition of V h we introduce the following assumption: License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
It follows from the definition of B (cf. (2.30)) and (H.2) that
Note that V h ⊆ V, which yields, in particular, V 1,h ⊆ V 1 . Then, applying the same diagonal argument employed in the proof of Lemma 3.8, we find that b satisfies the discrete inf-sup condition uniformly on V 1,h × V 2,h if and only if there existβ S ,β D > 0, independent of h, such that
In addition, the characterization of the elements ofΛ 
, and therefore it is not difficult to see that a sufficient condition for (4.15) is given by:
. In this way, we now add the following hypothesis:
We end this section by mentioning that for computational purposes we replace the Galerkin scheme (4.7) by the equivalent one arising from the utilization of the decomposition (4.8). In other words, we drop the explicit unknown approximating μ ∈ R and keep it implicitly by redefining the approximation of the pseudostress σ S ∈ H(div; Ω S ) as an unknown in H h (Ω S ). This can also be seen as a discrete version of the reconstruction of σ S from the decomposition (2.21). In this way, the equivalent Galerkin scheme reduces to:
where (4.20)
and B is redefined by suppressing the third term on the right-hand side of (2.30).
The numerical results shown below in Section 6 consider precisely this scheme in which the mean value condition of L h,0 (Ω D ) is imposed through a Lagrange multiplier.
The main result.
The following theorem establishes the well posedness of (4.7) and the associated Cea estimate.
Theorem 4.1. Assume that the hypotheses (H.0), (H.1), (H.2), and (H.3) hold. Then the Galerkin scheme (4.7) has a unique solution
In addition, there exists C 2 > 0, independent of h, such that
where (σ, u) ∈ X 0 × M 0 is the unique solution of (3.2).
Proof. It is clear from the analysis in Section 4.1 that (H.1) (resp. (H.3)) implies the discrete inf-sup condition for B (resp. for b) uniformly on
). In addition, the fact that V 1,h ⊆ V 1 and Lemma 3.7 imply that a is uniformly elliptic in V 1,h , whereas c is trivially positive semidefinite on 3.7) ). In this way, applying the discrete version of Lemma 3.4 we conclude that the discrete operator induced by A is invertible in V h with uniformly bounded inverse. Therefore, the rest of the proof reduces to a straightforward application of the discrete Babuška-Brezzi theory (see, e.g. [23, Theorem II.
1.1], [8, Chapter II]).
It is important to remark here that the second and third terms defining the bilinear form c are the only ones in the whole variational system where the Darcy and Stokes discrete spaces meet. However, it is also clear from the previous proof that these terms do not play any role in the stability analysis of the Galerkin scheme since c is already positive semidefinite in the whole space H 1/2 (Σ) × H 1/2 (Σ). This fact also explains why each one of the hypotheses (H.0), (H.1), (H.2), and  (H.3) , is formed by independent conditions concerning the subspaces for the Stokes and Darcy domains separately. Nevertheless, we notice that these independent assumptions show analogue structures, particularly with respect to the kind of operators and continuous spaces involved: compare for instance (4.12) with (4.13) in (H.1) and (4.17) with (4.18) in (H.3) . This fact confirms the strong possibility of deriving stable finite element subspaces of the same kind in both domains. A specific example in this direction employing the well-known Raviart-Thomas subspaces is given precisely in Section 5 below.
Meanwhile, we prove next that the existence of uniformly bounded discrete liftings for the normal traces on Σ coming from both regions simplifies the statement of (H.3).
Stable discrete liftings.
The aim of this section is to give sufficient conditions for the inf-sup inequalities (4.17) and (4.18) in hypothesis (H.3) . These new conditions have to do with the eventual existence of stable discrete liftings of the normal traces on Σ, and they will be working hypotheses that can be more easily verified for each set of discrete spaces. In particular, these will be the conditions that we will verify for the example with Raviart-Thomas elements in Section 5.
We notice first that conditions (4.17) and (4.18) are hypotheses that deal with how the normal components of elements ofH h (Ω S ) andH h (Ω D ) are tested with Λ S h (Σ) and Λ D h (Σ), respectively. Because of the already mentioned analogue structure of these assumptions, we summarize them as follows with ∈ {S, D}:
This kind of condition can be broken into two pieces. Let us recall from Section 4.1 that
and for ∈ {S, D} define
Assume that the linear operator v h → v h · n fromH h (Ω ) to Φ h (Σ) has a uniformly bounded right inverse, i.e., there exist a linear operator
Such a uniformly bounded right inverse of the normal trace will henceforth be referred to as a stable discrete lifting to Ω ( ∈ {S, D}). Note that by [15] , existence of L h satisfying (4.25) is equivalent to existence of a Scott-Zhang type operator π h : H(div; Ω ) →H h (Ω ), linear and uniformly bounded, such that
The following lemma reduces the inf-sup condition (4.22) to the inherited interaction between the elements of Φ h (Σ) and Λ h (Σ).
Lemma 4.2. Assume that there exists a stable discrete lifting to Ω . Then (4.22)
is equivalent to the existence ofβ > 0, independent of h, such that (4.26) sup Proof. It suffices to show that there exist C 1 , C 2 > 0, independent of h, such that for each ξ h ∈ Λ h (Σ) there holds
(4.27)
In fact, on the one hand,
and on the other hand,
which yield (4.27) with C 1 = 1/c and C 2 = C.
We have thus proved that the existence of stable discrete liftings to Ω S and Ω D together with the inf-sup condition (4.26) constitute sufficient conditions for (H.3) to hold. In this respect, we find it important to emphasize that (4.26) deals exclusively with spaces of functions defined on the interface Σ. We then define one Raviart-Thomas space on each subdomain and their usual companion spaces of piecewise constant functions: for ∈ {S, D},
It is clear that (H.0) and (H.2) are satisfied and it is well known that the discrete inf-sup conditions (4.12) and (4.13) in (H.1) are as well (see, e.g. [8, Chapter IV] or [31, Chapter 7] ). Moreover, the spaces Φ 
We will see later on, as a corollary of Lemma 5.1 below, that actually Φ i) Prove the existence of stable discrete liftings (or give conditions on the grid that ensure their existence). ii) Choose Λ h (Σ) such that we can find 14) in (H.1)) , and such that the inf-sup condition (4.26) holds. In Sections 5.2 and 5.3 below we deal precisely with i) and ii), respectively. 5.2. The discrete liftings. We are going to be able to construct discrete liftings to Ω S and Ω D by demanding some additional conditions on the triangulations. Namely, we ask for T S h and T D h to be quasiuniform in a neighborhood of Σ. More precisely, we assume that there is an open neighborhood of Σ, say Ω Σ , with Lipschitz boundary, and such that the elements intersecting that region are roughly of the same size. In other words, for ∈ {S, D} we let Ω ,Σ := Ω ∩ Ω Σ , define
h,Σ , and assume that there exists c > 0, independent of h, such that
Because of the shape-regularity property, this implies that Σ h is quasiuniform, which means that there exists C > 0, independent of h, such that
Moreover, the quasiuniformity of Σ h implies the inverse inequality in Φ h (Σ), that is,
Next, in order to define the discrete liftings we need to introduce the RaviartThomas interpolation operator. For the forthcoming definitions and arguments is a mute symbol taken in {S, D}. Hence, given a sufficiently smooth vector field v : Ω → R 2 , we define Π h (v) as the only element of H h (Ω ) such that
where E h is the set of the edges of the triangulation T h . Let us review some properties of this operator that we will use in the sequel:
This property is a simple consequence of the divergence theorem and the interpolation property (5.
This property also follows from (5.4). d) There exists C > 0, independent of h, such that for each v ∈ H δ (Ω ) ∩ H(div; Ω ), with δ ∈ (0, 1], and for all T ∈ T h , there holds (see, e.g. [25, Theorem 3.16 
We are now in a position to establish the existence of stable discrete liftings. 
Proof. We start with the lifting to the Stokes domain Ω S . First, we increase this region across the external boundary Γ S to a new domain Ω We now begin the construction of our operator. Given φ h ∈ Φ h (Σ), we let v ∈ H 1 (Ω ext S ) be the unique solution of the boundary value problem Δv = 0 in Ω ext S , v = 0 on Γ ext S , ∂ n v = φ h on Σ , which can be seen as a discrete version of (3.11). Then, as a consequence of the Lax-Milgram lemma and the classical regularity result on polygonal domains (see, e.g. [24] ), we obtain, respectively, the following continuity bounds (we write them in the domains where they will be used):
In addition, since Ω S \Ω S,Σ is an interior region of Ω ext S , the interior elliptic regularity estimate (see, e.g. [30, Theorem 4.16] ) yields
Note that, in particular, ∇v ∈ H 1/4 (Ω S ) ∩ H(div; Ω S ), and hence, thanks to a),
It remains to show that L S h is uniformly bounded. To this end, we divide Ω S into two regions
where we recall that
Then, using (5.6), (5.8) , and the stability of the Raviart-Thomas projection when applied to functions in
At the same time, applying (5.5) in d) to ∇v ∈ H 1/4 (Ω S ) ∩ H(div; Ω S ), and employing the bound (5.7) and the inverse inequality (5.3) with δ = 1/4, we find that
This estimate and the preceeding inequality give the result.
On the other hand, in the case of the Darcy domain Ω D , the interface Σ constitutes the whole boundary, which implies that Ω D \ Ω D,Σ is interior to Ω D , and hence there is no need to extend the domain to deal with regularity issues in the (nonexistent) remaining part of the boundary. According to this, given
is the unique solution of the bounday value problem
which can be seen as a discrete version of (3.12). Since we use again b) and c) to deduce, respectively, that
The uniform boundedness of L D h proceeds as in the previous case. We omit further details.
As a consequence of this lemma, and as already announced in Section 5.1, we now notice that Φ .9) sup
Discretization on the interface.
In this section we discuss how to choose Λ h (Σ) so that ii) is satisfied. In fact, there are many possible choices of Λ h (Σ) such that (5.9) holds, while the condition requiring the existence of ψ 0 ∈ H 1/2 (Σ) such that ψ 0 ∈ Λ h (Σ) ∀ h and ψ 0 · n, 1 Σ = 0, is easy to verify if the sequence of subspaces is nested or if we are able to find a coarser space where the hypotheses hold. Option 1. If the partition Σ h inherited from the interior triangulations is uniform, which is feasible only on very simple geometries Σ, we can take Λ h (Σ) to be the space of continuous linear elements of the dual grid, that is, on the grid whose nodes are the midpoints of Σ h . Note that dim Λ h (Σ) = dim Φ h (Σ), and that on each corner of Σ there is an element of the dual grid with half of its length on each of the edges that meet in that corner. The inf-sup condition (5.9) for these spaces is verified in [32, Lemma 6.4] . Option 2. Let Σ h be another partition of Σ, completely independent from Σ h , and then take
If both Σ h and Σ h are quasiuniform, then there exists a constant C 0 ∈ (0, 1] such that whenever
then (5.9) holds [5, Lemma 3.3] . In this case, if we assume that elements of Σ h are segments (no element crosses a corner point), then ψ 0 can be constructed exactly as explained at the end of the proof of Lemma 3.6. Option 3. A very flexible (from the geometric point of view) construction of Λ h (Σ) can be done using a coarsened grid. Let us first assume that the number of edges of Σ h is an even number (we will show a simple strategy in case this number is odd at the end). Then, we let Σ 2h be the partition of Σ arising by joining pairs of adjacent elements and define
Note that because Σ h is inherited from the interior triangulation, it is automatically of bounded variation (that is, the ratio of lengths of adjacent elements is bounded) and, therefore, so is Σ 2h .
Lemma 5.2. The inf-sup condition (5.9) holds for the space (5.10).
Proof. We will actually prove an inequality that is more demanding than (5.9) (see (5.12) below). For each e i ∈ Σ 2h there are two elements l i , r i ∈ Σ h , whose union is e i . They are tagged as left and right in the numbering direction of Σ 2h , so that r i is adjacent to l i+1 (see Figure 3) . As a consequence of the bounded variation property
We now define the piecewise constant function χ i ∈ Φ h (Σ) given by
The functions χ i are mutually orthogonal in L 2 (Σ). We define 
We will prove the result for s = 0 and s = 1. Given the fact that the dimensions of Λ h (Σ) and Φ
• h coincide, an interpolation argument proves the result for the remaining cases. The case s = 1/2 implies (5.9), since the supremum in this last inequality is taken over a larger space.
1st step. We first prove (5.12) for s = 0. Here we follow [32, Proposition 7.1]. Let us define the operator
Simple computations can be used to show that for all ξ h ∈ Λ h (Σ),
These three inequalities can be used to prove (5.12) when s = 0. Note that only the constants C 1 and C 2 of (5.11) are involved in these bounds. 2nd step. An intermediate step requires proving the following inequality:
The proof retraces the steps of [32, Lemma 7.2] . For integrals of Σ we can use the arc parameterization x : [0, |Σ|] → Σ, where |Σ| is the length of Σ, and identify
Each of the following inequalities, valid for each η i and for arbitrary
h , is easy to prove: In particular, note that the second estimate uses that
From these inequalities the result follows readily. 3rd step. Once (5.13) has been proved, inequality (5.12) for s = 1 can be proved following step by step the proof of [32, Proposition 7.3] . This finishes the proof of the lemma.
If the number of elements in Σ h is odd we simply reduce it to the even case. Indeed, in this case we can prove (5.9) for the subspace of Φ h (Σ) consisting of elements such that the value of φ h in a fixed set of two adjacent elements coincides. This fixed double element is considered as a single element and hence Λ h (Σ) is built as in (5.10) on the resulting even number of elements covering Σ. 
, and L h (Ω D ) be the Raviart-Thomas finite element subspaces given in (5.1) and define
is given by any of the three options described above. Then the Galerkin scheme (4.7) with the discrete spaces In order to provide the rate of convergence of the Galerkin scheme (4.7), we now recall the approximation properties of the subspaces involved (see, e.g. [4] , [8] , [25] ):
(AP1) For ∈ {S, D}, for each δ ∈ (0, 1], and for each τ ∈ H δ (Ω ) with div τ ∈ H δ (Ω ), there exists τ h ∈ H h (Ω ) such that where h and h denote two consecutive meshsizes with errors e and e . In what follows we describe the data of the examples. In all cases we choose for simplicity ν = 1, K = I, the identity matrix of R 2×2 , and κ = Table 4 we present the convergence history of Example 3 for a set of shape-regular triangulations of the computational domainΩ S ∪Ω D . The errors and experimental rates of convergence shown there are computed by considering the discrete solution obtained with a finer mesh (N = 984068) as the exact solution. Similarly, as for Examples 1 and 2, we observe that the rate of convergence O(h) is attained by all the unknowns, and the dominant error is also given by e(σ S ). Next, in Figures 9, 10 , and 11 we show some components of the approximate solutions obtained for N =123396. Note that in this example the normal on the interface Σ := (−1, 1) × {0} is given by n = (0, −1) t , and hence the first transmission condition becomes the equality of the second components of u S and u D . This can be verified at the discrete level in Figure 10 where we display 3D and 2D joint pictures of the second components of u S,h and u D,h .
Summarizing, the numerical results reported here confirm the good performance of the mixed finite element scheme (4.19) with Raviart-Thomas finite element subspaces of lowest order in Ω S and Ω D , and continuous piecewise linear functions on the interface Σ, for different geometries of the coupled problem.
We end this paper by mentioning that the only reason for restricting here to 2D is the simple fact that in our previous works [20] and [21] we assumed that dimension. We believe, however, that the present results should be extended, with minor modifications, to the three-dimensional case. Indeed, it is easy to see that the sections concerning the model problem and the general analysis of the continuous and discrete formulations, should look more or less the same as the ones provided here. Eventual technical difficulties, not too hard to solve, nevertheless, might appear only in the analogue of Section 5, probably in the construction of the discrete liftings and the verification of the discrete inf-sup condition (5.9). We hope to address this issue in a separate work. Table 2 . Degrees of freedom, meshsizes, errors, and rates of convergence (Example 1). Table 3 . Degrees of freedom, meshsizes, errors, and rates of convergence (Example 2). 
